A number field with trivial Pólya group [3] is called a Pólya field. We define "relative Pólya group P o(M/N )" for M/N a finite extension of number fields, generalizing the Pólya group. Using cohomological tools in [2], we compute some relative Pólya groups. As a consequence, we generalize Leriche's results in [18] and prove the triviality of relative Pólya group for the Hilbert class field of K. Then we generalize our previous results [19] on Pólya S 3 -extensions of Q to dihedral extensions of Q of order 2r, for r an odd prime. We also improve Leriche's upper bound in [17] on the number of ramified primes in Pólya Dr-extensions of Q and prove that for a real (resp. imaginary) Pólya Dr-extension of Q at most 4 (resp. 2) primes ramify.
Introduction
Historically, the study of Pólya fields dates back to Pólya's results on integer valued polynomials [24] . For a number field K, with ring of integers O K , the ring of integer valued polynomials on O K is defined as follows:
For a nonnegative integer n, denote the subset of K formed by 0 and the leading coefficients of integer valued polynomials of degree n on O K by J n (K). This is a fractional ideal of O K : J n (K) ⊆ (n! −1 )O K , see [26, Section 2] . One can show that 2010 Mathematics Subject Classification. Primary 11R04, 11R29, 11R34, 11R37, 13F20. * Corresponding author.
K by e p .Then the following sequence is exact:
Remark 1.4. By the above exact sequence, for a Galois number field K, #P o(K) divides p prime e p , and every ramification index e p divides [K : Q]. Thus for any Galois number field K, if [K : Q] and h(K) are relatively prime then K is Pólya, but not conversely. For instance, as we will see, in Example (4.16), there is a Pólya D 7 -extension of Q with class number 7. We give a genaralization of this statement, see Remark (2. 3).
Zantema [26] also found a criterion for Pólya-ness of cyclic number fields of prime power degree, see [26, Proposition 3.2] . In particular, as stated, he reproved Pólya's complete characterization of quadratic Pólya fields:
is a Pólya field if and only if d has one of the following forms, where p ≡ q(mod 4) denote two distinct odd prime numbers.
(1) d=2, or d=p;
(2) d=-1, or d=-2, or d=-p where p ≡ 3(mod 4);
(3) d=2p, or d=pq, if K has no units of norm −1.
Following Zantema's results [26] , Leriche [17] characterized cyclic cubic and cyclic quartic Pólya fields, and found a criterion for Pólya-ness of Galois closures of pure cubic fields [17] . Using Zantema's exact sequence (1.1) and Brumer-Rosen's result [2] , Leriche gave an upper bound for the number of ramified primes in Pólya Galois number fields depending only on their degree over Q, see [17, Proposition 2.5] . We vastly improve this upper bound for Pólya dihedral extensions of Q in Section (5) .
We recall the concepts of the "genus field" and the"Hilbert class field": Definition 1.6. [13, Chapter 4] The genus field Γ(K) of K, is a composite of an absolute abelian number field with K, which is abelian over K and is unramified at all finite places of K, and is maximal with these properties.
Definition 1.7. [5, Chapter 6, Section 4] The Hilbert class field H(K) of K, is the maximal unramified abelian extension of K. Obviously Γ(K) ⊆ H(K).
Remark 1.8. One can show that Gal(H(K)/K) ≃ Cl(K), see [5, Chapter 6, Section 4] . Also the Principal Ideal Theorem states that:"every fractional ideal of K becoms principal in H(K)", see [5, Theorem 4.2] .
In [18] , Leriche considered a new embedding problem:"Is every number field contained in a Pólya field?". Using the Principal Ideal Theorem, Leriche proved that for a number field K, the Hilbert class field H(K) of K is a Pólya field, hence every number field K is embedded in a Pólya field, see [18, Corollary 3.2] . Leriche also proved that when K is abelian, the genus field Γ(K) of K is Pólya, see [18, Theorem 3.8] . We shall generalize these results in Section (2) .
For an integer n ≥ 3 and a transitive subgroup G of symmetric group S n on n symbols, a G-f ield is defined to be a field K of degree n over Q for which G is the Galois group of the Galois closure L of K over Q, see [26, Section 1] . Zantema [26] proved that a D r -field K is a Pólya field if and only if h(K) = 1, see [26, Theorem 6.9] .
In this article, our main purpose is generalizing our previous results in [19] for Pólya S 3 -extension of Q to Pólya D r -extensions of Q.
Let K be a D r -field with Galois closure L. Denote the unique quadratic subfield of L by E. We describe an outline of this paper as follows:
In Section (2), we generalize the concept of the Pólya group and define the "relative Pólya group P o(M/N )" for a finte extension M/N of number fields. For finite Galois extensions of number fields, using Brumer-Rosen's method in [2] , we give an exact sequence generalizing Zantema's exact sequence (1.1). In some special cases, we determine the structure of the relative Pólya group. In particular, we generalize Leriche's results in [18] , and prove that for a number field N , the relative Pólya group of the Hilbert class field of N is trivial. Also we give a counterexample for triviality of the relative Pólya group of the genus field of N , see Example (2.13) .
In Section (3), using the results in Section (2), for D r -extensions of Q, we find a relation between the Pólya groups P o(E), P o(K) and P o(L), see Theorem (3.3) . Then we present some interesting consequences, see Corollaries (3.6), (3.7), (3.8), (3.9), (3.10) and (3.13 ). Also we generalize Honda's result in [10] and give necessary and sufficient conditions for divisibility of h(E) by r, see Lemma (3.11) .
Finally, following Masley's article [20] , we show that h(K) divides h(L) and conclude that if h(L) = 1, then both subfields E and K are Pólya, see Corollary (3.16) and (3.17) .
In Section (4), first we give some examples of Pólya and non-Pólya S 3 -extensions of Q studied in [19] . Then following [14] , for a monic polynomial f (X) ∈ Z[X] of degree r, we restate the necessary and sufficient conditions to Gal(f /Q) ≃ D r , see Proposition (4.5). Using Brumer's theorem and generic polynomials for D 5extensions of Q, we find some examples of Pólya and non-Pólya D 5 -extensions of Q, see Proposition (4.8) . Following [15] , we consider the special family of generic polynomials for D 5 -extensions of Q whose splitting fields are unramified over their quadratic subfields, and determine when these types of D 5 -extensions of Q are Pólya, see Proposition (4.12) and Corollary (4.13). Finally, following [14] , for r = 7, 13, 19 we give some examples of Pólya D r -extensions of Q.
In Section (5), by a cohomological interpretation similar to [19] , we decrease Leriche's upper bound [17, Section 2] , for the number of ramified primes in Pólya D r -extensions of Q. We prove that for r > 3 and a real (resp. imaginary) Pólya D r -extension of Q, at most four (resp. two) primes ramify, see Theorem (5.1). As a consequence, for special family of D r -fields we improve Ishida's result [12] . we prove that for r > 3 and a D r -field K with real (resp. imaginary) Galois closure L, if the quadratic subfield E of L is Pólya and at least three (resp. two) primes totally ramify in K/Q, then r | h(K). Also we prove a similar result for S 3 -fields, see Corollaries (5.2) and (5.3).
Relative Pólya group
Using Brumer-Rosen's method in [2] , we can generalize Zantema's result in [26, Section 3] to finite Galois extensions of number fields and find an exact sequence similar to (1.1). First we generalize concept of the Pólya group: is defined as follows:
We denote the relative Pólya group of M over N by P o(M/N ). In particular, 
where m is a positive integer, t i 's are integers numbers and e P denotes the ramification index of P in M/N . It is clear that ψ is a group epimorphism and one can show that Ker(ψ) = I(N ). Hence we get the following exact sequence:
Now following Brumer-Rosen [2] , Consider the following exact sequence:
Taking Cohomology and using Hilbert's theorem 90, we obtain the exact sequence:
Equivalently, the following sequence is exact: 
Proof. We have the following commutative diagram with exact rows of abelian groups:
{0} {0}
The first column is the exact sequence (2.3), and the second column is the exact sequence (2.2). Hence by the snake lemma, we find an exact sequence as follows: 
Proof. In this case, Ker(j M/N ) = Cl(N ) and the statement follows from Theorem (2.2). Note that this generalizes Zantema's exact sequence (1.1). Using the following lemma (for P = Q), we conclude that Corollary (2.8) is a generalization of the above proposition: Proof. To prove the first inclusion, suppose that Π p f (N/P ) = u i=1 n i , where p is a prime of P and f is a nonnegative integer. Since M/N is a Galois extension, for every i = 1, 2, . . . , u, all prime ideals of M above n i have the same ramification index (over n i ), say e i , and the same ideal norm (over N ), say n fi i . Hence one can write:
To prove the second inclusion, let
be the decomposition forms of p in N/P and M/P , respectively. Let Π p f (M/P ) = d j=1 m j , and {n 1 , n 2 , · · · , n l } = {m j ∩ N : j = 1, 2, · · · , d} be set of all the distinct prime ideals of N below m j 's. Also for every i = 1, . . . , l, let {m i,1 , · · · , m i,si } be the set of all the distinct prime ideals of M above n i . Since M/N is a Galois extension, for every i = 1, . . . , l, the ideals m i,1 , m i,2 , · · · , m i,si have the same ideal norm (over N ), say n fi i . Hence We want to generalize the above result. But before this, note that unlike the Hilbert class field, the relative Pólya group of the genus field, even for abelian number fields, is not necessarily trivial: Then the following sequence is exact:
Proof. Assume that H = Gal(M/N ). Since G H ≃ T , we have the following exact sequence:
where Inf and Res are the Inflation and Restriction maps respectively, see [22, Chapter 1, §5] . Also by Lemma (2.10), we have j M/N (P o(N )) ⊆ P o(M ). Now by Zantema's exact sequence (1.1), we have the following commutative diagram with exact rows of abelian groups:
where i is the inclusion map, p is a prime number, e p and e(p) are the ramification indices of p in N/Q and M/Q, respectively. Also P is a prime of N and e(P) is the ramification index of P in M/N . Using the snake lemma, the statement is proved. and
is trivial, then we get a generalization of Zantema's exact sequence (1.1):
is injective, then we find another generalization of Zantema's exact sequence (1.1):
Proof. Immediately follows from Theorem (2.14). Proof. Assume that G = Gal(M/Q) and denote the subgroup of G of index p by H. Hence H is a normal subgroup of G, and N would be Galois over Q. Since N/Q is a cyclic extension of prime degree p, every ramified prime number p 0 in N/Q is totally ramified, i.e.:
for some prime ideal P of N . Now consider the decompsition form of p 0 in M/Q. Let γ be a prime ideal of M above p 0 . One has p|e(γ/p 0 ) and e(γ/p 0 )|pq. Hence three cases are possible:
On the other hand, Π p0 (N ) p is principal and since p and q are distinct prime numbers, Π p0 (N ) is principal.
Summing up the above arguments, we find j M/N : P o(N ) → P o(M ) is injective and the statement is proved. Proof. Since M/N is a cyclic extension, we can use the Herbrand quotient:
.
On the other hand, we have Q(H,
, where s is the number of infinite places of N ramified in M , see [5, Proposition 5.10] . Hence:
. Denote the torsion subgroup of U N by µ(N ). If N is totally real, then µ(N ) = {±1} and since q is an odd prime number, (U N :
Now assume that N is totally imaginary and ζ n ∈ µ(N ), for some positive integer n. Hence ϕ(n)|p, where ϕ is the Euler's ϕ function. By an elementary calculation, one can show that either p = 2 and n ∈ {2, 3, 4}, or p is odd and n = 2. In both cases, we have (µ(N ) : µ(N ) q )|q and (U N : U q N )|q wN +1 . By the above argument and using relation (2.10), we have
which implies that s = 0 and the statement is proved. Now we can give another proof of Theorem (2.16):
Proof. Assume that G = Gal(M/Q), H = Gal(M/N ) and T = Gal(N/Q). By exact sequence (2.4) in proof of Theorem (2.14) and Zantema's exact sequence (1.1), we find the commutative diagram with exact rows as follows:
where i is the inclusion map, a is a prime number with the ramification index e a in N , b is a prime number with the ramification index e(b) in M , P is a prime of N with the ramification index e(P) in M , and θ is the map obtained in the exact sequence (2.4). Using the snake lemma, we get the following exact sequence:
By the exact sequence (2.5), Ker(θ) is a subgroup of H 1 (H, U M ) and by Lemma (2.18), #Ker(θ) is a power of q. On the other hand, by the exact sequence (2.11), Ker(θ) is a subgroup of P o(N ) and by Zantema's exact sequence (1.1), #P o(N ) is a power of [N : Q] = p which implies that #Ker(θ) is also a power of p. Since p and q are distinct prime numbers, Ker{θ} = {0} and finally we find the following exact sequence: 
Main Result
From now on, let L be a Galois extension of Q with Galois group
and denote the fixed fields of σ and τ by E and K, respectively. Suppose that p is a ramified prime in L/Q, and denote its decomposition in L by pO L = (γ 1 γ 2 · · · γ g ) e(p) . Since e(p)f (p)g = [L : Q] = 2r, we have e(p) = 2 or e(p) = r or e(p) = 2r, where f (p) is the residue class degree of γ i 's over p.
With these notations, following [6] we restate the complete description of decomposition forms of ramified primes p in K/Q and L/Q:
With the notations of this section, the following assertions hold:
(1) If e(p) = 2, then f (p) = 1. Moreover, if
r is the decomposition of p in L/Q, then the decomposition of p in K/Q has the form below:
(2) If e(p) = r, then f (p) = 1 or f (p) = 2 and p is totally ramified in K/Q.
(3) If e(p) = 2r, then p = r and it is totally ramified in K/Q. Since e(γ 1 /α) divides [L : E] = r, we have e(γ 1 /α) = 1 and hence p is ramified in E/Q. Thus pO E = (Π p (E)) 2 and
Similarly, for e(p) = r one can show that p doesn't ramify in E/Q and depending on whether f (p) = 1 or f (p) = 2, p splits or remains inert in E/Q, respectively.
Now we give the main result:
Theorem 3.3. With the notations in this section, there exists an exact sequence as follows:
Moreover, the 2-torsion subgroup of P o(L) is isomorphic to P o(E) and the r-torsion subgroup of P o(L) is embedded in P o(K). Note that P o(L) is a 2r-torsion group.
Proof. By Theorem (2.16), we find the following exact sequence: 
We show that ϕ is injective: Let p be a ramified prime number in L/Q such that r|e(p). By Proposition (1.5), p is totally ramified in K/Q. Now if e(p) = r, by Remark (3.2), p is unramified in E/Q and depending on whether it splits or remains inert in E, pO L = (γ 1 γ 2 ) r or pO L = γ r , respectively. Hence for e(p) = r, we have Π p (K)O L = Π p (L) (or Π p 2 (L)), which implies that if Π p (K) = N L/K (Π p (L)) (resp. Π p (K) = N L/K (Π p 2 (L))) is principal, then so is Π p (L) (resp. Π p 2 (L)). Now assume that e(p) = 2r. By Proposition (3.1), p = r ramifies totally in L/Q and so in all its subextensions. In this case we have Π r (K)O L = (Π r (L)) 2 . Hence if Π r (K) = N L/K (Π r (L)) is principal, then Π r (L) belongs to the 2-torsion subgroup of P o(L), i.e. belongs to j L/E (P o(E)), since
is embedded in P o(K) and we find the following exact sequence: Remark 3.5. Zantema [26] , proved that for two finite Galois extensions K 1 and K 2 of Q with M = K 1 .K 2 , if for every prime number p, the ramification indices of p in K 1 and K 2 are coprime, then Pólya-ness of K 1 and K 2 implies that M is also Pólya. Conversely, if gcd([K 1 : Q], K 2 : Q]) = 1 and M is Pólya then K 1 and K 2 are Pólya, see [26, Theorem 3.4] . Under these hypotheses, one can easily show that j M/K1 (P o(K 1 )).j M/K2 (P o(K 2 )) = P o(M ), see [4] . The condition on relative primality of the degrees is necessary as was shown in [7] and [8] in the case of biquadratic fields. Also the condition on Galois-ness of both K 1 and K 2 is necessary. For instance, as we saw in Theorem (3.3), if either K 1 or K 2 is not Galois, this statement doesn't hold, in general. Indeed, with the notations in this section, for every ramified prime p in L/Q with e(p) = 2, by Proposition (3.1), Π p (K) = β 1 β 2 · · · β r+1 2 , and j L/K (Π p (K)) = γ 1 Π p (L). Since Gal(L/Q) acts transitively on the set {γ 1 , · · · , γ r }, γ 1 is not ambiguous. Hence j L/K (P o(K)) ⊆ P o (L) .
Unsing the results in Section (2) and Theorem (3.3), we find some interesting consequences:
Proof. Immediately follows from Theorem (3.3). With the notations of this section, if L/E is unramified, by class field theory h(E) is divisible by r. Now, by an argument completely similar to Honda's reasoning [10, Proof of Proposition 10], we give necessary and sufficient conditions for divisibility of class number of a quadratic field by r: Lemma 3.11. Suppose that N is a quadratic field and r|h(N ). Then there exists a D r -extension M of Q such that N is the quadratic subfield of M , and M is unramified over N . Conversely, let M be a D r -extension of Q which is the splitting field of the irreducible polynomial (3.8) f (X) = X r + a 2 X r−2 + a 3 X r−3 + · · · + a r−1 X + a r , a i ∈ Z over Q. If gcd(a 2 , a 3 , · · · , a r−1 , r.a r ) = 1, then class unmber of the unique quadratic subfield of M is divisible by r.
Proof. Assume that h(N ) is divisible by r. Hence there exists an unramified abelian extension M of degree r over N . One can show that M is a Galois extension of Q, thanks to Honda's lemma [10, Lemma 3] . If Gal(M/Q) ≃ C 2r , denote the unique subfield of M of degree r over Q by F . Hence F is a cyclic extension of Q, and so every ramified prime p in the extension F/Q, is totally ramified. Therefore, p has the remification index r or 2r in the extension M/Q. In both cases, there exists a prime ideal of N , above p which ramifiies in the extension M/N and we reach a contradiction. Thus M is not abelian over Q, i.e. Gal(M/Q) ≃ D r . Conversely, let M be a D r -extension of Q. Let N be the unique quadratic subfield of M and denote a subfield of M of degree r over Q by F . Let p be a prime ideal of N ramified in M . Hence for p = p ∩ Q, its ramification index is divisible by r. By Proposition (3.1), p totally ramifies in F/Q which implies that there exists
where h ∈ Z and M is the splitting field of f (X). From this congruence equation, we have either p = r, r | gcd(a 2 , a 3 , · · · , a r−1 ), or p | gcd(a 2 , a 3 , · · · , a r−1 , a r ).
Thus p divides gcd(a 2 , a 3 , · · · , a r−1 , r.a r ). On the other hand, if there exists no totally ramified prime in the extension F/Q, by Proposition (3.1) every ramified prime in M/Q has ramification index 2, which implies that M/N is unramified. Using Corollary (3.10) and Lemma (3.11), we obtain: Corollary 3.13. With the notations of this section, let L be the splitting field of an irreducible polynomial f (X) = X r + a 2 X r−2 + a 3 X r−3 + · · · + a r−1 X + a r , a i ∈ Z over Q. If gcd(a 2 , a 3 , · · · , a r−1 , r.a r ) = 1, then P o(E) ≃ P o (L) .
We conclude this section with a result on divisibilty of class numbers. Following Masley [20] , we define: Proof. Let p be a ramified prime in the extension E/Q. Hence 2 | e(p). If e(p) = 2, by Proposition (3.1), p has the decomposition form in K/Q as follows:
which implies that β 1 ramifies in L/K. Similarly, if e(p) = 2r, then by Proposition (3.1), p = r and in this case the only prime ideal β of K above r is ramified in L/K. Hence in both cases L/K is a totally ramified extension, and by Proposition (3.15) the statement is proved. Now we can say in a special case, the converse of Corollary (3.9) holds: Proof. If h(L) = 1, by Corollary (3.16) one has h(K) = 1, which implies that K is a Pólya field. Pólya-ness of E is obtained by Corolloray (3.8).
Generic Polynomials and Some Examples
In this Section, for some small values of r, we give some examples of D rextensions of Q and investigate their Pólya-ness. 4.1. S 3 -extensions of Q. In [19] we generalized Leriche's results in [17] , where α is a root of f (X) = X 3 − 19X + 6. We have D K = 2 3 .827, hence the Galois closure of K over Q is the real sextic field L = K( √ 2.827). By Proposition (1.5), the quadratic field E = Q( √ 2.827) is Pólya. Also h(K) = 1, and so by Corollary (3.9), L is a Pólya field.
For some examples of D r -extensions of Q, following [14] we restate some results characterizing dihedral polynomials. First, we recall the concept of "parametric " or "generic" polynomial: [14, Definition 0.1.1] Let K be a field, G be a finite group, P (t, X) be a monic polynomial in K(t)[X], where t = (t 1 , . . . , t n ) and X are indeterminates, and M be the splitting field of P (t, X) over K(t). Suppose that P (t, X) satisfies the following conditions:
is Galois with Galois group Gal(M/K(t)) ≃ G, and (ii) every Galois extension M/K with Gal(M/K) ≃ G is the splitting field of a polynomial P (a, X) for some a = (a 1 , . . . , a n ) ∈ K n . Then we say that P (t, X) parametrizes G-extensions of K, and call P (t, X) a parametric polynomial. The parametric polynomial P (t, X) is said to be generic, if it satisfies the following additional condition:
(iii) P (t, X) is parametric for G-extensions over any field containing K.
One can show that for any odd integer n ≥ 3, generic polynomials for D nextensions over Q exist, see [14, Section 5.5] .
Now let f (X) ∈ Z[X] be a monic irreducible polynomial (over Q) of degree r, and let α 1 , α 2 , · · · , α r be r roots of f (X). Then the r 2 = r 2 elements α i + α j , 1 ≤ i < j ≤ r are all distinct, see [14, Chapter 7] . Let P r2 (X) be the linear resolvent polynomial of f (X): 
Also the quadratic subextension (in chracteristic = 2) of the splitting field of the polynomial f (s, t, X) is obtained by adjoining to M (s, t) a square root of 
We have D K = 19 2 .43 2 , and by Proposition (4.8), the Galois closure L of K is a D 5 -extension of Q, with the unique quadratic subfield E = Q( √ 19.43). By Proposition (1.5), E is Pólya. Since h(K) = 1, by Corollary (3.9), L is a (real) Pólya D 5 -extension of Q. 
We have D K = 1367 2 and K is a D 5 -field. Denote the Galois closure of K over Q by L. By Proposition (4.8), E = Q( √ −1367) is the unique quadratic subfield of L and by Proposition (1.5), E is Pólya. Since h(K) = 4, By Corollary (3.9), L is a Pólya D 5 -extension of Q. While by [26, Theorem 6.9] K is not Pólya, see Remark (3.5) .
We recall that for a D r -extension L of Q with quadratic subfield E, if L/E is unramified then Pólya groups of E and L are isomorphic, see Corollary (3.10). As we see in the last example for t = 1, L/E is unramified. More generally (for t = 1): Proof. Denote the quadratic subfield of L by E. By Proposition (4.12), L/E is unramified, and using Corollary (3.10), the statement is proved. be roots of f (X) in the its splitting field over K. Then the resolvent polynomial
has distinct roots, and Gal(f /Q)) ≃ D 7 if and only if P 35 (X) factors into a product of four distinct irreducible polynomials of degrees 14, 7, 7 and 7 over K.
Then We have disc(f (X)) = −3 6 .7 9 , hence E = Q( √ −7) is the quadratic subfield of L, which is Pólya by Proposition (1.5). Also h(K) = 1, and by Corollary (3.9) L is Pólya. Note that h(L) = 7, see Remark (1.4) .
Then f (X) is irreducible over Q and Gal(f /Q) ≃ D 7 , see [14, Chapter 7, Example 2, page 172]. Denote the splitting field of f (X) over Q by L. We have disc(f (X)) = −71 3 , hence E = Q( √ −71) is the unique quadratic subfield of L, which is Pólya by Proposition (1.5). By Proposition (3.1), we have e(71) = 2 and by Theorem (3.3), L is also Pólya. 4.4 . Some Examples of D r -extensions of higher degrees. In [14] , by considering Hilbert class field theory of an imaginary quadratic number field N and using singular values of certain modular functions, a method for finding dihedral extensions of Q and some algorithms for constructing the Hilbert class field of N are given, see [14, Section 7.3] . Following [14] , we restate two examples of D 13 and D 19 -extension of Q:
Example 4.18. Let L be the splitting field of the polynomial In [26] , Zantema proved that a cyclic number field M of degree a power of r, is Pólya if and only if M/Q is ramified at only one prime, and in a Pólya quadratic field at most two primes are ramified, see [26, Proposition 3.2] . He also proved that for two Galois number fields K 1 and K 2 of coprime degrees over Q, their compositum is Pólya if and only if K 1 and K 2 are Pólya, see [26, Theorem 3.4] . Hence for a cyclic number field M of degree 2r, using Zantema's results the upper bound can be made sharp by s M ≤ 3.
In [19] , we proved that for a non-Galois cubic field K with Galois closure L, if L is Pólya depending on whether D K > 0, D K < 0 and K pure, or D K < 0 and K non-pure, then s L ≤ 4, s L ≤ 3 or s L ≤ 2, respectively, Also by giving some examples, we showed that these upper bounds are actually sharp, see [19, Section 3] .
In this section, by using the same methods in [19] , for a Pólya D r -extension L of Q we give an upper bound for s L which is much smaller than r + 4. Proof. Let G = Gal(L/Q) ≃ D r . As before, for a ramified prime p in L/Q, denote its ramification index by e(p). Since L is a Pólya field, by exact sequence (1.1), we have On the other hand, the Herbrand quotients Q(G 2 , U L ) and Q(G r , U L ) are given by [5, Proposition 5.10] :
where s (resp. t) is the number of infinite places of K (resp. E) ramified in L. For L real (resp. imaginary), the signature of K is (r, 0) (resp. (1, r−1 2 )), see [6, Theorem 9.2.6]. Hence Q(G 2 , U L ) = Now let E be real, and ξ be the fundamental unit of E. By Dirichlet Unit Theorem we have U E ≃ C 2 ⊕ Z. Hence depending on whether ξ ∈ N L/E (U L ) or not, (U E : N L/E (U L )) = 1 or (U E : N L/E (U L )) = r, respectively.
Summing up the above arguments, and using relations (5.2), (5.3) and (5.4), we find:
• for L real, #H 1 (G 2 , U L ) | 2 r+1 and depending on whether the fundamental unit of E belongs to N L/E (U L ) or not, #H 1 (G r , U L ) = r or #H 1 (G r , U L ) = r 2 , respectively. • for L imaginary, #H 1 (G 2 , U L ) | 2 
